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The largest element of the solution set of a fuzzy relation equation has been 
found by E. Sanchez (IMorm. and Control 30 (1976), 38-48) but the smallest 
element does not exist. It is difficult to expose the solution of the fuzzy relation 
equation. In the case of the determinate relation equations, complete consequences 
have been found by Wang Peizhuang and Yuan Meng (“Relation Equation and 
Relation Inequalities,” Selected papers on fuzzy subsets, Beijing Normal University, 
March 1980). In the case of the fuzzy relation equations, Wang and Yuan have 
given a class of special solutions which probably possesses some minimality 
characterizations. In this paper, the reachable solution set of the fuzzy relation 
equation is given. For the fuzzy relation equation on the finite sets, a neat and 
efficient method for solving it is given. 6 1984 Academic Press, Inc. 
I. INTR~OUCTION 
Foranyset U,letF(U)be{AIA:U+L},whereL={x(O<x<l}. 
1. A E F(U) is called a fuzzy subset of U. A(u) is called the membership 
grade of u in A. 
2. F(Ux v)= {R IR: UX V+L}, REF(Ux V) is called a fuzzy 
relation from U into V. 
3. Suppose R EF(UX V), SEF(VX W). Let 
R 0 S(u, w)= V (R(u,u)/j S(u, IV)) 
u 
(V = sup,/i = inf) . 
Then we obtain a fuzzy relation R 0 S E F(U X W). R 0 S is called the 
resultant of R and S. 
4. Given a fuzzy relation equation 
XoR=S 
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where R E F( V x w>, S E F(U x v are given and X E F(U x P’) is 
unknown. 
X E F( U x v) is called a solution of the fuzzy relation equation X 0 R = S 
if 
for V(u, w), 
A solution X is called reachable if 
for V(u, w), 3v* such that X(u, v*) A R(v*, w) = S(u, w). 
II. NECESSARY AND SUFFICIENT CONDITION 
THEOREM 1. Given a fuzzy relation equation 
XoR=S (1) 
a necessary and suficient condition that Eq. (I) be solvable is that 
for V(% w>, v I[ s(u w?,(” n) Mu3 m] *WV, w)j = WY WI* L’ 1 ’ 3 )’ 
If Eq. (I) is solvable then the largest element of the solution set is as follows: 
X(u,v)= /j (s(u, w’)) for V@, v> 
S(u,w’)<R(u,w’) 
(In this paper, we assume that the inlimum of the empty set is 1.) This result 
has been established by Wang and Yuan [2]. 
III. REACHABLE SOLUTIONS 
Given a fuzzy relation equation 
let 
XoR=S (1) 
G = 1 g / U x Wg’ V, x-@, g(u, w)) /j R( g(u, w), w) = S(u, w)/ 
where 
X(u,v)= A w w’)) for V(u, v). 
S(U,W’)<R(U,W’) 
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If G # 0, for Vg E G, let 
x&b u) = v (s(u, w’)) 
g(u,w’)=u 
for V(u, 0). 
(In this paper, we assume that the supremum of the empty set is 0.) 
THEOREM 2. X o R = S has the reachable solutions if and only if G # 0. 
When G # 0, the reachable solution set of X 0 R = S is 
ProoJ: (a) Suppose that X is any reachable solution of X 0 R = S. We 
have 
for V(u, w), 3v* such that X(u, u*) A R(v*, w) = S(u, IV). 
Let g(u, w) = u*. We obtain a mapping from U X W into V such that 
X(u, g(u, ~1) A R(g(u, ~1, w> = W, w> for V(u, w). 
By Theorem 1, we have x2X, thus 
T(u, g(u, w)) A R( g(u, w), w) > X(u, g(u, w)) A R( g(u, w), w) = S(u, w). 
Since 
@u, g(u, w)) /j R( g(u, w), w) < i,/ [ j(u, u) /j R(u, w)] = S(u, w) 
v 
we have 
IT?(u, g(u, ~1) AR(g@, ~1, w> =W, w> for V(u, w), thus g E G. 
Let 
For V(u, v), if some g(u, w’) = u, we have 
W, ~‘1 = X@, 0, ~‘1) /j R(g(u, w’), w’) < X(u, u) 
thus 
Xg(u, 0) = v (s(u, w’)) < X(u, u). 
g(u,w’)=v 
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If g(u, w) z u for all w E W, we have 
Xg(u, ) = v (s(u, w’)) = 0 <X(24 VI.g(u,w’)=u 
Hence we obtain 
thus X,EXEF. 
(b) Suppose G f 0, for Vg E G, we prove that X, s x and all X such 
that X, c X E 2 is the reachable solutions of X 0 R = S. 
For V(u, u), if some g(u, w’) = v, we have 
S(u, w’) = X(24 g(u, w’)) /j R(g(u, w’), w’) < %4 0) 
=7 Xg(u, ) = v (s(u, w’)) < Z(u, 0). g(u,w’)=L’ 
If g(u, w) # v for all w E W, we have 
X,(24, u) = v (s(z.4, w’))= 0 <X(24 u).g(u,w’)=Y 
Hence we obtain X&U, v) < X(u, v) for V(U, u)thus X,G X. 
Since for V(u, ) 
v [x,(u, u) /\ R(u, WI] 2 Xg(u, go4 w)> A R(g@, w>, w> 
Lr 
= [ v 
g(u,w')=g(u,w) 
W w',,] A Rt&, w>, w> 
> 44 w) A R(gb WI, w> 
and 
S(u, w) = Z(u, g(u, WI) AR(g@, WI, w> <N&J, w>, w>* 
Hence we have 
V [x,(24, U) /j R(u, w) ] 2 ~(24 w) 
u 
for tJ(h w) 
thus ScX,oR. 
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On the other hand, for V(u, w) and for Vu, if R(u, w) > S(U, w) we have 
qu, u) /j R(u, w) = [ A s(u,w’)<R(u,w’) 
and if R(u, w) < S(u, w) we have 
X(24, u) A R(u, w) < qv, w) < qu, WI. 
Hence for V(u, w) and Vu, we have 
qu, u) /j R(u, w) < S(% WI 
thus 
V k(u, v) /j R(u, w) ] < W, w) for (4 w). 
” 
We obtain x o R G S. It is clear that for all X such that Xg G XE x, we 
have 
This means 
X,oR=XoR=%R=S. 
Since for V(u, w) 
and 
Xg(u, g(u, w)) = v Mu, 4) 2 w4 w> 
g(u.w’)=g(u,w) 
R(g(u, WI, w) > f@, g@, ~1) A R( g@, w>, w) = s(u, w) 
hence we obtain 
xg(u, g@, w>) /j R( g(u, w>, w) > W, w) 
thus for V(u, w), 3u* = g(u, w) such that 
s(u, w) < xg(u, g(u, w)) A R(&, w), w> < x(u, g(uv w)) /j R(du, wh w) 
< f(u, g(u, w)) /j R(& w), w) = W w)- 
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This means all X such that X, EXE 2 is the reachable solution of 
XoR=S. 
X is the largest element of X 0 R = S. 
Xp is called the reachable quasi-minimum of X 0 R = S associated with 
gE G. 
IV. FUZZY RELATION EQUATION ON FINITE SETS 
First, we consider the fuzzy relation equation 
(x, 3 x2 T..., w,) 0 R = (s,, ~21-7 s,) (11) 
since all solutions of the fuzzy relation equation on the finite sets are 
reachable. Hence the solution set of Eq. (II) may be established by 
Theorem 2. 
Let 2 = (X, , X2 ,..., X,), where 
fk = A (St) 
St< Yk, 
Let 
(k = 1, 2 )...) m). 
G = { g = (k, 1 kz,..., k,) ( kj E { 1, 2,..., m}, ok, A sky = Sj). 
For Vg E G, let X, = (xg,, xg *,..., x8,), where 
xg, = v (St) (k = 1, 2 ,..., m). 
k,=k 
Then the solution set of Eq. (II) is 
.x‘={X=(x,,x2 ,..., x,))XpsX~f,gEG}. 
EXAMPLE 1. 
0.1 0.5 0.3 
0.1 0 0.4 
0 0.6 0.2 
BY ‘k = ht<yt, ( s 11 we have X= (0.2,0.2,0.4). Since G = G, x G, x G,, 
where 
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wehaveG1={1,2},G,={3},G,={1,2,3},thus 
G = ((L3, 11, (1,3,2), (1,3,3), (2,3,1), (2,3,2), (2,3,3)1. 
By xg, = V,,+ (s& we obtain the quasi-minima. They are 
(0.2,0,0.4), (0.1) 0.2,0.4), (0.1) 0,0.4), 
(0.2,O. 1,0.4), (0,0.2,0.4), (0,O. 1,0.4). 
If one of the quasi-minima contains another, then we eliminate the larger 
one. Thus, finally, we obtain the set of the minima. They are 
(0. 1, 0,0.4), (0,O. 1,0.4). 
The procedure for solving Eq. (II) may be described by the following 
table. 
Si Table I 
x ci,,x2 )...) Xm 
x Table II 
We remark that 
1. According to the order relation of the real number system, we place 
the larger sj below the smaller. 
2. In Table I, if ykj> sj we write the sj at the intersection of the row 
containing sj with the column containing xk. Set nothing in the other place in 
Table I. 
3. In the kth column of Table I, eliminate the elements which are larger 
than fk. 
4. Equation (II) is solvable if and only if every row in Table I is non- 
empty. 
5. Select any element in every of Table I and then work out the 
supremum of every column (note that the supremum of the empty set is 0). 
Evidently these suprema make a quasi-minimum of the solution set of 
Eq. (II). 
6. In Table II, we write the minima of the solution set of Eq. (II). 
7. The solution set is 
SC- = {X = (x, ) x2 )..., XJXEXEFJEX}. 
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TABLE I 
Xl X2 x3 
s, =O.l 0.1 0.1 
s3 = 0.2 0.2 0.2 0.2 
s2 = 0.4 0.4 0.4 
x 0.2 0.2 0.4 
x 0 0.1 0.4 
0.1 0 0.4 
The procedure for solving Example 1 is given in Table I where 0.4 is 
eliminated. The solution set consists of the following: 
(0, 0.1,0.4) s (X,) x2, x3) c (0.2,0.2,0.4), 
(O.l,O, 0.4) L (Xi, x*, XJ c (0.2,0.2,0.4). 
Note. In Table I, there are three elements in the second row. Since in the 
third row we have selected the third column element 0.4, hence we select 
only the third column element 0.2 in the second row. 
Now we consider the generalized fuzzy relation equation on the finite sets. 
Given 
XoR=S (W 
where X is an n x m matrix, R an n x 1 matrix, and S an n x 1 matrix. 
Equation (III) is equivalent o the systems of the fuzzy relation equations 
EXAMPLE 2. 
By Table II, we obtain that the solution set of the original equation consists 
of the following: 
409/103/2-16 
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TABLE II 
i=l XI1 X12 X13 i=2 X21 X22 x23 i=3 x31 X32 X33 
s II ,3rz.3 - 0 0 0 s*, = 0.2 0.2 0.2 s ), = 0.3 0.3 
s 0.3 sz2 = 0.2 0.2 0.2 sj3 = 0.3 0.3 
S ,2 = 0.4 0.4 0.4 s*, =0.2 0.2 0.2 s3* = 0.4 0.4 0.4 
X, 0 0 1 X2 0.2 1 0.2 x3 0.4 1 1 
z-, 0 0 0.4 ,a; 
“;;? oo2 
. 
oo2 5, 
0.4 0 0.3 
. 0.3 0 0.4 
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